
Rules for integrands of the form (a Trg[e + f x])m (b Tan[e + f x])n

1.  a Sine + f x
m
b Tane + f x

n
ⅆx

1:  a Sine + f x
m
b Tane + f x

n
ⅆx when m + n - 1⩵ 0

Rule: If  m + n - 1 ⩵ 0, then

 a Sine + f x
m
b Tane + f x

n
ⅆx ⟶ -

b a Sine + f x
m
b Tane + f x

n-1

f m

◼
Program code:

Inta_.*sine_.+f_.*x_^m_*b_.*tane_.+f_.*x_^n_,x_Symbol:=

-b*a*Sine+f*x^m*b*Tane+f*x^(n-1)f*m /;

FreeQa,b,e,f,m,n,x && EqQ[m+n-1,0]



2:  Sine + f x
m
Tane + f x

n
ⅆx when m n m+n-1

2
 ∈ ℤ

Derivation: Integration by substitution

Basis: If  m n m+n-1
2

 ∈ ℤ, then 

Sin[e + f x]m Tan[e + f x]n ⩵ - 1
f
Subst

1-x2
m+n-1

2

xn
, x, Cos[e + f x] ∂x Cos[e + f x]

Rule: If  m n m+n-1
2

 ∈ ℤ, then


Sine + f x

m
Tane + f x

n
ⅆx ⟶ -

1

f
Subst



1 - x2
m+n-1

2

xn
ⅆx, x, Cose + f x

◼
Program code:

Intsine_.+f_.*x_^m_.*tane_.+f_.*x_^n_.,x_Symbol :=

-1f*SubstInt[(1-x^2)^((m+n-1)/2)/x^n,x],x,Cose+f*x /;

FreeQe,f,x && IntegersQ[m,n,(m+n-1)/2]

3:  Sine + f x
m
b Tane + f x

n
ⅆx when m

2
∈ ℤ

Derivation: Integration by substitution

Basis: Sin[z]2 ⩵ Tan[z]2

1+Tan[z]2

Basis: If m
2
∈ ℤ, then 

Sin[e + f x]m F[b Tan[e + f x]] ⩵ b
f
Subst xm F[x]

b2+x2
m

2
+1
, x, b Tan[e + f x] ∂x(b Tan[e + f x])

◼
Rule: If m

2
∈ ℤ, then
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Sine + f x

m
b Tane + f x

n
ⅆx ⟶

b

f
Subst



xm+n

b2 + x2
m

2
+1

ⅆx, x, b Tane + f x

◼
Program code:

Intsine_.+f_.*x_^m_*b_.*tane_.+f_.*x_^n_.,x_Symbol :=

Withff=FreeFactorsTane+f*x,x,

b*fff*SubstIntff*x^(m+n)b^2+ff^2*x^2^(m/2+1),x,x,b*Tane+f*xff /;

FreeQb,e,f,n,x && IntegerQ[m/2]

4:  a Sine + f x
m
Tane + f x

n
ⅆx when n+1

2
∈ ℤ

◼
Derivation: Integration by substitution

◼
Basis: If n+1

2
∈ ℤ, then Tan[e + f x]n F[a Sin[e + f x]] ⩵

1

f
Subst xn F[x]

a2-x2
n+1

2

, x, a Sin[e + f x] ∂xa Sin[e + f x]

Rule: If n+1
2

∈ ℤ, then


a Sine + f x

m
Tane + f x

n
ⅆx ⟶

1

f
Subst



xm+n

a2 - x2
n+1

2

ⅆx, x, a Sine + f x

◼
Program code:

Inta_.*sine_.+f_.*x_^m_.*tane_.+f_.*x_^n_.,x_Symbol :=

Withff=FreeFactorsSine+f*x,x,

fff*SubstIntff*x^(m+n)a^2-ff^2*x^2^((n+1)/2),x,x,a*Sine+f*xff /;

FreeQa,e,f,m,x && IntegerQ[(n+1)/2]
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5.  a Sine + f x
m
b Tane + f x

n
ⅆx when n > 1

1:  a Sine + f x
m
b Tane + f x

n
ⅆx when n > 1 ∧ m < -1

Reference: G&R 2.510.6, CRC 334b

Reference: G&R 2.510.3, CRC 334a

Rule: If  n > 1 ∧ m < -1, then

 a Sine + f x
m
b Tane + f x

n
ⅆx ⟶

b a Sine + f x
m+2

b Tane + f x
n-1

a2 f (n - 1)
-
b2 (m + 2)

a2 (n - 1)
 a Sine + f x

m+2
b Tane + f x

n-2
ⅆx

◼
Program code:

Inta_.*sine_.+f_.*x_^m_*b_.*tane_.+f_.*x_^n_,x_Symbol :=

b*a*Sine+f*x^(m+2)*b*Tane+f*x^(n-1)a^2*f*(n-1) -

b^2*(m+2)/(a^2*(n-1))*Inta*Sine+f*x^(m+2)*b*Tane+f*x^(n-2),x /;

FreeQa,b,e,f,x && GtQ[n,1] && (LtQ[m,-1] || EqQ[m,-1] && EqQ[n,3/2]) && IntegersQ[2*m,2*n]
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2:  a Sine + f x
m
b Tane + f x

n
ⅆx when n > 1

Reference: G&R 2.510.1

Reference: G&R 2.510.4

Rule: If  n > 1, then

 a Sine + f x
m
b Tane + f x

n
ⅆx ⟶

b a Sine + f x
m
b Tane + f x

n-1

f (n - 1)
-
b2 (m + n - 1)

n - 1
 a Sine + f x

m
b Tane + f x

n-2
ⅆx

◼
Program code:

Inta_.*sine_.+f_.*x_^m_.*b_.*tane_.+f_.*x_^n_,x_Symbol :=

b*a*Sine+f*x^m*b*Tane+f*x^(n-1)f*(n-1) -

b^2*(m+n-1)/(n-1)*Inta*Sine+f*x^m*b*Tane+f*x^(n-2),x /;

FreeQa,b,e,f,m,x && GtQ[n,1] && IntegersQ[2*m,2*n] && Not[GtQ[m,1] && Not[IntegerQ[(m-1)/2]]]
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6.  a Sine + f x
m
b Tane + f x

n
ⅆx when n < -1

1:


a Sine + f x

b Tane + f x
3/2

ⅆx

Rule:



a Sine + f x

b Tane + f x
3/2

ⅆx ⟶
2 a Sine + f x

b f b Tane + f x

+
a2

b2


b Tane + f x

a Sine + f x
3/2

ⅆx

Program code:

IntSqrta_.*sine_.+f_.*x_b_.*tane_.+f_.*x_^(3/2),x_Symbol:=

2*Sqrta*Sine+f*xb*f*Sqrtb*Tane+f*x + a^2/b^2*IntSqrtb*Tane+f*xa*Sine+f*x^(3/2),x /;

FreeQa,b,e,f,x
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2:  a Sine + f x
m
b Tane + f x

n
ⅆx when n < -1 ∧ m > 1

Reference: G&R 2.510.5, CRC 323a

Reference: G&R 2.510.2, CRC 323b

Rule: If  n < -1 ∧ m > 1, then

 a Sine + f x
m
b Tane + f x

n
ⅆx ⟶

a Sine + f x
m
b Tane + f x

n+1

b f m
-
a2 (n + 1)

b2 m
 a Sine + f x

m-2
b Tane + f x

n+2
ⅆx

◼
Program code:

Inta_.*sine_.+f_.*x_^m_*b_.*tane_.+f_.*x_^n_,x_Symbol :=

a*Sine+f*x^m*b*Tane+f*x^(n+1)b*f*m -

a^2*(n+1)/(b^2*m)*Inta*Sine+f*x^(m-2)*b*Tane+f*x^(n+2),x /;

FreeQa,b,e,f,x && LtQ[n,-1] && GtQ[m,1] && IntegersQ[2*m,2*n]
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3:  a Sine + f x
m
b Tane + f x

n
ⅆx when n < -1 ∧ m + n + 1 ≠ 0

Reference: G&R 2.510.4

Reference: G&R 2.510.1

Rule: If  n < -1 ∧ m + n + 1 ≠ 0, then

 a Sine + f x
m
b Tane + f x

n
ⅆx ⟶

a Sine + f x
m
b Tane + f x

n+1

b f (m + n + 1)
-

n + 1

b2 (m + n + 1)
 a Sine + f x

m
b Tane + f x

n+2
ⅆx

◼
Program code:

Inta_.*sine_.+f_.*x_^m_.*b_.*tane_.+f_.*x_^n_,x_Symbol:=

a*Sine+f*x^m*b*Tane+f*x^(n+1)b*f*(m+n+1) -

(n+1)/(b^2*(m+n+1))*Inta*Sine+f*x^m*b*Tane+f*x^(n+2),x /;

FreeQa,b,e,f,m,x && LtQ[n,-1] && NeQ[m+n+1,0] && IntegersQ[2*m,2*n] && Not[EqQ[n,-3/2] && EqQ[m,1]]
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7:  a Sine + f x
m
b Tane + f x

n
ⅆx when m > 1

Reference: G&R 2.510.2, CRC 323b

Reference: G&R 2.510.5, CRC 323a

Rule: If  m > 1, then

 a Sine + f x
m
b Tane + f x

n
ⅆx ⟶

-
b a Sine + f x

m
b Tane + f x

n-1

f m
+
a2 (m + n - 1)

m
 a Sine + f x

m-2
b Tane + f x

n
ⅆx

◼
Program code:

Inta_.*sine_.+f_.*x_^m_.*b_.*tane_.+f_.*x_^n_.,x_Symbol:=

-b*a*Sine+f*x^m*b*Tane+f*x^(n-1)f*m +

a^2*(m+n-1)/m*Inta*Sine+f*x^(m-2)*b*Tane+f*x^n,x /;

FreeQa,b,e,f,n,x && (GtQ[m,1] || EqQ[m,1] && EqQ[n,1/2]) && IntegersQ[2*m,2*n]
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8:  a Sine + f x
m
b Tane + f x

n
ⅆx when m < -1 ∧ m + n + 1 ≠ 0

Reference: G&R 2.510.3, CRC 334a

Reference: G&R 2.510.6, CRC 334b

Rule: If  m < -1 ∧ m + n + 1 ≠ 0, then

 a Sine + f x
m
b Tane + f x

n
ⅆx ⟶

b a Sine + f x
m+2

b Tane + f x
n-1

a2 f (m + n + 1)
+

m + 2

a2 (m + n + 1)
 a Sine + f x

m+2
b Tane + f x

n
ⅆx

◼
Program code:

Inta_.*sine_.+f_.*x_^m_*b_.*tane_.+f_.*x_^n_.,x_Symbol:=

b*a*Sine+f*x^(m+2)*b*Tane+f*x^(n-1)a^2*f*(m+n+1) +

(m+2)/(a^2*(m+n+1))*Inta*Sine+f*x^(m+2)*b*Tane+f*x^n,x /;

FreeQa,b,e,f,n,x && LtQ[m,-1] && NeQ[m+n+1,0] && IntegersQ[2*m,2*n]
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9:  a Sine + f x
m
Tane + f x

n
ⅆx when n ∈ ℤ ∧ m ∉ ℤ

◼
Derivation: Algebraic normalization

◼
Basis: Tan[z] ⩵ Sin[z]

Cos[z]

Rule: If  n ∈ ℤ ∧ m ∉ ℤ, then

 a Sine + f x
m
Tane + f x

n
ⅆx ⟶

1

an


a Sine + f x
m+n

Cose + f x
n

ⅆx

◼
Program code:

Inta_.*sine_.+f_.*x_^m_*tane_.+f_.*x_^n_,x_Symbol:=

1/a^n*Inta*Sine+f*x^(m+n)Cose+f*x^n,x /;

FreeQa,e,f,m,x && IntegerQ[n] && Not[IntegerQ[m]]
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10.  a Sine + f x
m
b Tane + f x

n
ⅆx when n ∉ ℤ

1:  a Sine + f x
m
b Tane + f x

n
ⅆx when n ∉ ℤ ∧ m < 0

◼
Derivation: Piecewise constant extraction

◼
Basis: ∂x (Cos[e+f x])n (b Tan[e+f x])n

(a Sin[e+f x])n
⩵ 0

Rule: If  n ∉ ℤ ∧ m < 0, then

 a Sine + f x
m
b Tane + f x

n
ⅆx ⟶

Cose + f x
n
b Tane + f x

n

a Sine + f x
n 

a Sine + f x
m+n

Cose + f x
n

ⅆx

◼
Program code:

Inta_.*sine_.+f_.*x_^m_.*b_.*tane_.+f_.*x_^n_,x_Symbol:=

Cose+f*x^n*b*Tane+f*x^na*Sine+f*x^n*Inta*Sine+f*x^(m+n)Cose+f*x^n,x /;

FreeQa,b,e,f,m,n,x && Not[IntegerQ[n]] && (ILtQ[m,0] || EqQ[m,1] && EqQ[n,-1/2] || IntegersQ[m-1/2,n-1/2])
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2:  a Sine + f x
m
b Tane + f x

n
ⅆx when n ∉ ℤ

◼
Derivation: Piecewise constant extraction

◼
Basis: ∂x (Cos[e+f x])n (b Tan[e+f x])n

(a Sin[e+f x])n
⩵ 0

Rule: If  n ∉ ℤ, then

 a Sine + f x
m
b Tane + f x

n
ⅆx ⟶

a Cose + f x
n+1

b Tane + f x
n+1

b a Sine + f x
n+1 

a Sine + f x
m+n

Cose + f x
n

ⅆx

◼
Program code:

Inta_.*sine_.+f_.*x_^m_.*b_.*tane_.+f_.*x_^n_,x_Symbol:=

a*Cose+f*x^(n+1)*b*Tane+f*x^(n+1)b*a*Sine+f*x^(n+1)*Inta*Sine+f*x^(m+n)Cose+f*x^n,x /;

FreeQa,b,e,f,m,n,x && Not[IntegerQ[n]]
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2:  a Cose + f x
m
b Tane + f x

n
ⅆx when m ∉ ℤ ∧ n ∉ ℤ

◼
Derivation: Piecewise constant extraction

◼
Basis: ∂x(a Cos[e + f x])m  Sec[e+f x]

a

m
 ⩵ 0

Rule: If  m ∉ ℤ ∧ n ∉ ℤ, then


a Cose + f x

m
b Tane + f x

n
ⅆx ⟶ a Cose + f x

FracPart[m]
Sece + f x

a

FracPart[m]



b Tane + f x
n


Sec[e+f x]

a

m

ⅆx

◼
Program code:

Inta_.*cose_.+f_.*x_^m_*b_.*tane_.+f_.*x_^n_,x_Symbol :=

a*Cose+f*x^FracPart[m]*Sece+f*xa^FracPart[m]*Intb*Tane+f*x^nSece+f*xa^m,x /;

FreeQa,b,e,f,m,n,x && Not[IntegerQ[m]] && Not[IntegerQ[n]]
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3:  a Cote + f x
m
b Tane + f x

n
ⅆx when m ∉ ℤ ∧ n ∉ ℤ

◼
Derivation: Piecewise constant extraction

◼
Basis: ∂x((a Cot[e + f x])m (b Tan[e + f x])m) ⩵ 0

Rule: If  m ∉ ℤ ∧ n ∉ ℤ, then

 a Cote + f x
m
b Tane + f x

n
ⅆx ⟶ a Cote + f x

m
b Tane + f x

m
 b Tane + f x

n-m
ⅆx

Program code:

Inta_.*cote_.+f_.*x_^m_*b_.*tane_.+f_.*x_^n_,x_Symbol :=

a*Cote+f*x^m*b*Tane+f*x^m*Intb*Tane+f*x^(n-m),x /;

FreeQa,b,e,f,m,n,x && Not[IntegerQ[m]] && Not[IntegerQ[n]]

4.  a Sece + f x
m
b Tane + f x

n
ⅆx

1:  a Sece + f x
m
b Tane + f x

n
ⅆx when m + n + 1⩵ 0

Rule: If  m + n + 1 ⩵ 0, then

 a Sece + f x
m
b Tane + f x

n
ⅆx ⟶ -

a Sece + f x
m
b Tane + f x

n+1

b f m

◼
Program code:

Inta_.*sece_.+f_.*x_^m_.*b_.*tane_.+f_.*x_^n_.,x_Symbol :=

-a*Sece+f*x^m*b*Tane+f*x^(n+1)b*f*m /;

FreeQa,b,e,f,m,n,x && EqQ[m+n+1,0]

Rules for integrands of the form (a trg(e+f x))^m (b tan(e+f x))^n 15



2:  a Sece + f x
m
Tane + f x

n
ⅆx when n-1

2
∈ ℤ ∧ ¬ 

m

2
∈ ℤ ∧ 0 < m < n + 1

Derivation: Integration by substitution

Basis: If  n-1
2

∈ ℤ, then 

Tan[e + f x]n F[Sec[e + f x]] ⩵ 1
f
Subst

F[x] -1+x2
n-1

2

x
, x, Sec[e + f x] ∂x Sec[e + f x]

Rule: If  n-1
2

∈ ℤ ∧ ¬  m
2
∈ ℤ ∧ 0 < m < n + 1, then

 a Sece + f x
m
Tane + f x

n
ⅆx ⟶

a

f
Subst (a x)m-1 -1 + x2

n-1

2 ⅆx, x, Sece + f x

◼
Program code:

Inta_.*sece_.+f_.*x_^m_.*b_.*tane_.+f_.*x_^n_.,x_Symbol :=

af*SubstInt[(a*x)^(m-1)*(-1+x^2)^((n-1)/2),x],x,Sece+f*x /;

FreeQa,e,f,m,x && IntegerQ[(n-1)/2] && Not[IntegerQ[m/2] && LtQ[0,m,n+1]]
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3:  Sece + f x
m
b Tane + f x

n
ⅆx when m

2
∈ ℤ ∧ ¬ 

n-1

2
∈ ℤ ∧ 0 < n < m - 1

Derivation: Integration by substitution

Basis: If  m
2
∈ ℤ, then 

Sec[e + f x]m F[Tan[e + f x]] ⩵ 1
f
SubstF[x] 1 + x2

m

2
-1
, x, Tan[e + f x] ∂x Tan[e + f x]

◼
Rule: If  m

2
∈ ℤ ∧ ¬  n-1

2
∈ ℤ ∧ 0 < n < m - 1, then

 Sece + f x
m
b Tane + f x

n
ⅆx ⟶

1

f
Subst (b x)n 1 + x2

m

2
-1

ⅆx, x, Tane + f x

◼
Program code:

Intsece_.+f_.*x_^m_*b_.*tane_.+f_.*x_^n_.,x_Symbol :=

1f*SubstInt[(b*x)^n*(1+x^2)^(m/2-1),x],x,Tane+f*x /;

FreeQb,e,f,n,x && IntegerQ[m/2] && Not[IntegerQ[(n-1)/2] && LtQ[0,n,m-1]]
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4.  a Sece + f x
m
b Tane + f x

n
ⅆx when n < -1

1:  a Sece + f x
m
b Tane + f x

n
ⅆx when n < -1 ∧ m > 1 ∨ m⩵ 1 ∧ n⩵ -

3

2


Reference: G&R 2.510.5, CRC 323a

Reference: G&R 2.510.2, CRC 323b

Rule: If  n < -1 ∧ m > 1 ∨ m ⩵ 1 ∧ n ⩵ - 3
2
, then

 a Sece + f x
m
b Tane + f x

n
ⅆx ⟶

a2 a Sece + f x
m-2

b Tane + f x
n+1

b f (n + 1)
-
a2 (m - 2)

b2 (n + 1)
 a Sece + f x

m-2
b Tane + f x

n+2
ⅆx

◼
Program code:

Inta_.*sece_.+f_.*x_^m_.*b_.*tane_.+f_.*x_^n_,x_Symbol :=

a^2*a*Sece+f*x^(m-2)*b*Tane+f*x^(n+1)b*f*(n+1) -

a^2*(m-2)/(b^2*(n+1))*Inta*Sece+f*x^(m-2)*b*Tane+f*x^(n+2),x /;

FreeQa,b,e,f,x && LtQ[n,-1] && (GtQ[m,1] || EqQ[m,1] && EqQ[n,-3/2]) && IntegersQ[2*m,2*n]
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2:  a Sece + f x
m
b Tane + f x

n
ⅆx when n < -1

Reference: G&R 2.510.4

Reference: G&R 2.510.1

Rule: If  n < -1, then

 a Sece + f x
m
b Tane + f x

n
ⅆx ⟶

a Sece + f x
m
b Tane + f x

n+1

b f (n + 1)
-

m + n + 1

b2 (n + 1)
 a Sece + f x

m
b Tane + f x

n+2
ⅆx

◼
Program code:

Inta_.*sece_.+f_.*x_^m_.*b_.*tane_.+f_.*x_^n_,x_Symbol :=

a*Sece+f*x^m*b*Tane+f*x^(n+1)b*f*(n+1) -

(m+n+1)/(b^2*(n+1))*Inta*Sece+f*x^m*b*Tane+f*x^(n+2),x /;

FreeQa,b,e,f,m,x && LtQ[n,-1] && IntegersQ[2*m,2*n]

Rules for integrands of the form (a trg(e+f x))^m (b tan(e+f x))^n 19



5.  a Sece + f x
m
b Tane + f x

n
ⅆx when n > 1

1:  a Sece + f x
m
b Tane + f x

n
ⅆx when n > 1 ∧ m < -1 ∨ m⩵ -1 ∧ n⩵

3

2


Reference: G&R 2.510.6, CRC 334b

Reference: G&R 2.510.3, CRC 334a

Rule: If  n > 1 ∧ m < -1 ∨ m ⩵ -1 ∧ n ⩵ 3
2
, then

 a Sece + f x
m
b Tane + f x

n
ⅆx ⟶

b a Sece + f x
m
b Tane + f x

n-1

f m
-
b2 (n - 1)

a2 m
 a Sece + f x

m+2
b Tane + f x

n-2
ⅆx

◼
Program code:

Inta_.*sece_.+f_.*x_^m_*b_.*tane_.+f_.*x_^n_,x_Symbol :=

b*a*Sece+f*x^m*b*Tane+f*x^(n-1)f*m -

b^2*(n-1)/(a^2*m)*Inta*Sece+f*x^(m+2)*b*Tane+f*x^(n-2),x /;

FreeQa,b,e,f,x && GtQ[n,1] && (LtQ[m,-1] || EqQ[m,-1] && EqQ[n,3/2]) && IntegersQ[2*m,2*n]
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2:  a Sece + f x
m
b Tane + f x

n
ⅆx when n > 1 ∧ m + n - 1 ≠ 0

Reference: G&R 2.510.1

Reference: G&R 2.510.4

Rule: If  n > 1 ∧ m + n - 1 ≠ 0, then

 a Sece + f x
m
b Tane + f x

n
ⅆx ⟶

b a Sece + f x
m
b Tane + f x

n-1

f (m + n - 1)
-
b2 (n - 1)

m + n - 1
 a Sece + f x

m
b Tane + f x

n-2
ⅆx

◼
Program code:

Inta_.*sece_.+f_.*x_^m_.*b_.*tane_.+f_.*x_^n_,x_Symbol :=

b*a*Sece+f*x^m*b*Tane+f*x^(n-1)f*(m+n-1) -

b^2*(n-1)/(m+n-1)*Inta*Sece+f*x^m*b*Tane+f*x^(n-2),x /;

FreeQa,b,e,f,m,x && GtQ[n,1] && NeQ[m+n-1,0] && IntegersQ[2*m,2*n]
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6:  a Sece + f x
m
b Tane + f x

n
ⅆx when m < -1

Reference: G&R 2.510.3, CRC 334a

Reference: G&R 2.510.6, CRC 334b

Rule: If  m < -1, then

 a Sece + f x
m
b Tane + f x

n
ⅆx ⟶ -

a Sece + f x
m
b Tane + f x

n+1

b f m
+
m + n + 1

a2 m
 a Sece + f x

m+2
b Tane + f x

n
ⅆx

◼
Program code:

Inta_.*sece_.+f_.*x_^m_*b_.*tane_.+f_.*x_^n_,x_Symbol :=

-a*Sece+f*x^m*b*Tane+f*x^(n+1)b*f*m +

(m+n+1)/(a^2*m)*Inta*Sece+f*x^(m+2)*b*Tane+f*x^n,x /;

FreeQa,b,e,f,n,x && (LtQ[m,-1] || EqQ[m,-1] && EqQ[n,-1/2]) && IntegersQ[2*m,2*n]
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7:  a Sece + f x
m
b Tane + f x

n
ⅆx when m > 1 ∧ m + n - 1 ≠ 0

Reference: G&R 2.510.2, CRC 323b

Reference: G&R 2.510.5, CRC 323a

Rule: If  m > 1 ∧ m + n - 1 ≠ 0, then

 a Sece + f x
m
b Tane + f x

n
ⅆx ⟶

a2 a Sece + f x
m-2

b Tane + f x
n+1

b f (m + n - 1)
+

a2 (m - 2)

(m + n - 1)
 a Sece + f x

m-2
b Tane + f x

n
ⅆx

◼
Program code:

Inta_.*sece_.+f_.*x_^m_.*b_.*tane_.+f_.*x_^n_,x_Symbol :=

a^2*a*Sece+f*x^(m-2)*b*Tane+f*x^(n+1)b*f*(m+n-1) +

a^2*(m-2)/(m+n-1)*Inta*Sece+f*x^(m-2)*b*Tane+f*x^n,x /;

FreeQa,b,e,f,n,x && (GtQ[m,1] || EqQ[m,1] && EqQ[n,1/2]) && NeQ[m+n-1,0] && IntegersQ[2*m,2*n]
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8:


Sece + f x

b Tane + f x

ⅆx

◼
Derivation: Piecewise constant extraction

◼
Basis: ∂x Sin[e+f x]

Cos[e+f x] b Tan[e+f x]
⩵ 0

Rule:



Sece + f x

b Tane + f x

ⅆx ⟶
Sine + f x

Cose + f x b Tane + f x


1

Cose + f x Sine + f x

ⅆx

◼
Program code:

Intsece_.+f_.*x_Sqrtb_.*tane_.+f_.*x_,x_Symbol:=

SqrtSine+f*xSqrtCose+f*x*Sqrtb*Tane+f*x*Int1SqrtCose+f*x*SqrtSine+f*x,x /;

FreeQb,e,f,x
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9:


b Tane + f x

Sece + f x
ⅆx

◼
Derivation: Piecewise constant extraction

◼
Basis: ∂x Cos[e+f x] b Tan[e+f x]

Sin[e+f x]
⩵ 0

Rule:



b Tane + f x

Sece + f x
ⅆx ⟶

Cose + f x b Tane + f x

Sine + f x
 Cose + f x Sine + f x ⅆx

◼
Program code:

IntSqrtb_.*tane_.+f_.*x_sece_.+f_.*x_,x_Symbol:=

SqrtCose+f*x*Sqrtb*Tane+f*xSqrtSine+f*x*IntSqrtCose+f*x*SqrtSine+f*x,x /;

FreeQb,e,f,x
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10:  a Sece + f x
m
b Tane + f x

n
ⅆx when n +

1

2
∈ ℤ ∧ m +

1

2
∈ ℤ

◼
Derivation: Piecewise constant extraction

◼
Basis: ∂x (b Tan[e+f x])n

(a Sec[e+f x])n (b Sin[e+f x])n
⩵ 0

Rule: If  n + 1
2
∈ ℤ ∧ m + 1

2
∈ ℤ, then

 a Sece + f x
m
b Tane + f x

n
ⅆx ⟶

am+n b Tane + f x
n

a Sece + f x
n
b Sine + f x

n 

b Sine + f x
n

Cose + f x
m+n

ⅆx

◼
Program code:

Inta_.*sece_.+f_.*x_^m_*b_.*tane_.+f_.*x_^n_,x_Symbol:=

a^(m+n)*b*Tane+f*x^na*Sece+f*x^n*b*Sine+f*x^n*Intb*Sine+f*x^nCose+f*x^(m+n),x /;

FreeQa,b,e,f,m,n,x && IntegerQ[n+1/2] && IntegerQ[m+1/2]

11:  a Sece + f x
m
b Tane + f x

n
ⅆx when n-1

2
∉ ℤ ∧

m

2
∉ ℤ

◼
Derivation: Piecewise constant extraction and integration by substitution

◼
Basis: ∂x

(a Sec[e+f x])m (b Tan[e+f x])n+1 Cos[e+f x]2
m+n+1

2

(b Sin[e+f x])n+1
⩵ 0

◼
Basis: Cos[e + f x] F[Sin[e + f x]] ⩵ 1

b f
SubstF x

b
, x, b Sin[e + f x] ∂x(b Sin[e + f x])

Note: If n
2
∈ ℤ, then (a Sec[e+f x])

m (b Tan[e+f x])n+1 Cos[e+f x]2
m+n+1

2

(b Sin[e+f x])n+1
⩵ (a Sec[e + f x])m+1 Cos[e + f x]2

m+1

2

Note: If n
2
∈ ℤ and m is a third-integer integration of xn

1-
x2

b2

m+n+1

2

 results in a complicated antiderivative involving elliptic 
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integrals and the imaginary unit.

Rule: If n-1
2

∉ ℤ ∧ m
2
∉ ℤ, then


a Sece + f x

m
b Tane + f x

n
ⅆx ⟶

a Sece + f x
m
b Tane + f x

n+1
Cose + f x

2


m+n+1

2

b Sine + f x
n+1 

Cose + f x b Sine + f x
n

1 - Sine + f x
2


m+n+1

2

ⅆx

⟶
a Sece + f x

m
b Tane + f x

n+1
Cose + f x

2


m+n+1

2

b f b Sine + f x
n+1

Subst


xn

1 -
x2

b2


m+n+1

2

ⅆx, x, b Sine + f x

⟶
a Sece + f x

m
b Tane + f x

n+1
Cose + f x

2


m+n+1

2

b f (n + 1)
Hypergeometric2F1

n + 1

2
,
m + n + 1

2
,
n + 3

2
, Sine + f x

2


Program code:

(* Inta_.*sece_.+f_.*x_^m_.*b_.*tane_.+f_.*x_^n_,x_Symbol:=

a*Sece+f*x^m*b*Tane+f*x^(n+1)*Cose+f*x^2^((m+n+1)/2)b*f*b*Sine+f*x^(n+1)*

SubstInt[x^n/(1-x^2/b^2)^((m+n+1)/2),x],x,b*Sine+f*x /;

FreeQa,b,e,f,m,n,x && Not[IntegerQ[(n-1)/2]] && Not[IntegerQ[m/2]] *)

Inta_.*sece_.+f_.*x_^m_.*b_.*tane_.+f_.*x_^n_,x_Symbol:=

a*Sece+f*x^m*b*Tane+f*x^(n+1)*Cose+f*x^2^((m+n+1)/2)b*f*(n+1)*

Hypergeometric2F1(n+1)/2,(m+n+1)/2,(n+3)/2,Sine+f*x^2 /;

FreeQa,b,e,f,m,n,x && Not[IntegerQ[(n-1)/2]] && Not[IntegerQ[m/2]]

5:  a Csce + f x
m
b Tane + f x

n
ⅆx when m ∉ ℤ ∧ n ∉ ℤ

◼
Derivation: Piecewise constant extraction

◼
Basis: ∂x((a Csc[e + f x])m (a Sin[e + f x])m) ⩵ 0

Rule: If  m ∉ ℤ ∧ n ∉ ℤ, then
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a Csce + f x

m
b Tane + f x

n
ⅆx ⟶ a Csce + f x

FracPart[m]
Sine + f x

a

FracPart[m]



b Tane + f x
n


Sin[e+f x]

a

m

ⅆx

◼
Program code:

Inta_.*csce_.+f_.*x_^m_*b_.*tane_.+f_.*x_^n_,x_Symbol :=

a*Csce+f*x^FracPart[m]*Sine+f*xa^FracPart[m]*Intb*Tane+f*x^nSine+f*xa^m,x /;

FreeQa,b,e,f,m,n,x && Not[IntegerQ[m]] && Not[IntegerQ[n]]
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