Rules for integrands of the form (aTrg[e + fx])™ (bTan[e + fx])"

1, j(aSin[ewa])m(bTan[e+-Fx])"dlx
1: J(asin[e+fx])'" (bTan[e+fx])"d1x whenm+n-1==0
Rule:If m+n -1 == 0, then

b (asin[e+fx])'" (bTan[e+-Fx])"'1
fm

j(aSin[ewa])m (bTan[e+fx])"dx — -

Program code:

Int[(a_.»sin[e_.+f_.%x_])"m_x(b_.xtan[e_.+f_.%x_])"n_,x_Symbol]:=
-bx (axSin[e+fxx])Amx (bxTan[e+fsx]) " (n-1) /(f+m) /;
FreeQ[{a,b,e,f,m,n},x] && EqQ[m+n-1,0]



Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

2: JSin[e+fx]"'Tan[e+fx]"dlx when (m | n | '“”2'—'1) €z

Derivation: Integration by substitution

Basis: If (m | n| %) € Z,then

m+n-1

Sin[e+fx]mTan[e+fx]”:z—%Subst Jl;)iu, X, Cos[e+fx]} OxCos[e + f x]

n

Rule: If (m | n| r’”le) € 7, then

Xn

1 (1)
sin[e+fx|"Tan[e+ fx]"dx — —;Subst[ ——dx, X, Cos[e+-Fx]]

Program code:

Int[sin[e_.+f_.*x_]"m_.«tan[e_.+f_.xx_]~n_.,x_Symbol] :=
-1/f+Subst [Int[ (1-x"2)~((m+n-1)/2) /x"n,x],X,Cos [e+fxx]] /;
FreeQ[{e,f},x] & IntegersQ[m,n, (m+n-1)/2]

3: Sin[e+fx]’" (bTan[e+fx])"d1x when fez

Derivation: Integration by substitution

Basis: Sin[z]2 -- —tanlzl®

1+Tan[z]?
Basis: If % € Z,then

Sin[e+fx]"F[bTan[e +fx]] == %Subst XEIXL "y bTan[e+fx]| 6x (bTan[e + fx])

(b24x?) "

Rule: If% e Z,then



Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

m+n

J\Sin[erFx]"' (bTan[e+ fx])"dx — ESubst[J—mdlx, X, bTan[e+fx]]
f (b2+xz);+1

Program code:

Int[sin[e_.+f_.*x_]~m_x(b_.*tan[e_.+f_.*x_])"n_.,x_Symbol] :=
With[{ff=FreeFactors[Tan[e+f+x],x]},
bxff/FxSubst [Int[ (Ffxx)~ (men) /(b 2+FF 24x72) A (m/2+1) ,X],X,bxTan[e+f+x] /FF]] /;
FreeQ[{b,e,f,n},x]| && IntegerQ[m/2]

4: j(aSin[erFx])"'Tan[e+fx]"d1x when ";1 €z

Derivation: Integration by substitution

Basis: If % € Z,then Tan[e + fx]"F[aSin[e + fx]] = §5ubst[ﬂm5, x, asinfe+fx]] o (asSin[e+fx])

(s2-0) -

Rule: If % e 7, then

m+n
J(asin[e+-Fx])"‘Tan[e+-Fx]"dlx — %Subst[J\x—dlx, X, aSin[e+fx]]
(

n+l
a?-x*) 7

Program code:

Int[(a_.»sin[e_.+f_.»x_])"m_.+tan[e_.+f_.xx_]"n_.,x_Symbol] :=
With[{ff=FreeFactors[Sin[e+f+x],x]},
ff/fxSubst [Int [ (Ffxx)~ (mn) /(ar2-FF 24x"2) A ((n+1) /2),X],Xx,axSin[e+f+x] /Ff]] /;
FreeQ[{a,e,f,m},x] && IntegerQ[(n+1)/2]



Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

5. J(asin[e+fx])'" (bTan[e+fx])"d1x when n>1

1: J(aSin[erFx])"' (bTan[e+-Fx])"d1x whenn>1 Am< -1

Reference: G&R 2.510.6, CRC 334b
Reference: G&R 2.510.3, CRC 334a

Rule:1f n>1 A m< -1, then

b (aSin[e+-Fx])'"+2 (bTan[e+-Fx])"'1 b2 (m+ 2)

J(asin[e+fx])'" (bTan[e+fx])"dx — J(aSi"[e’ffX])mz (bTan[e+fx])"'zd1x

a’f (n-1) a2 (n-1)

Program code:

Int[(a_.*sin[e_.+f_.»x_])"m_x(b_.+tan[e_.+f_.xx_])~n_,x_Symbol] :=

b (axSin[e+fxx]) " (m+2) » (bxTan[e+fxx]) " (n-1) /(a2+f* (n-1)) -

br2x (m+2) / (a"2# (n-1) ) *Int [ (a*Sin[e+fxx] )~ (m+2) » (bxTan[e+Ffxx])~(n-2),x] /;
FreeQ[{a,b,e,f},x] & GtQ[n,1] && (LtQ[m,-1] || EqQ[m,-1] & EqQ[n,3/2]) & IntegersQ[2xm,2+n]



Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

2: J(asin[eﬂcx])m (bTan[e+fx])"dlx when n>1

Reference: G&R 2.510.1
Reference: G&R 2.510.4

Rule: If n > 1, then

b (asin[e+fx])" (bTan[e+-Fx])"'1 b2 (m+n-1)

J(asin[e+fx])m (bTan[e+fx])"dx — J(aSin[erFx])"' (bTan[e+fx])"'2dlx

f(n-1) n-1

Program code:

Int[(a_.#sin[e_.+f_.xx_]) m_.(b_.xtan[e_.+f_.#x_])"n_,x_Symbol] :=
bx (a*Sin [e+'F*x] )"m* (b*Tan [e+f*x] ) A (n—1)/(f* (n-1) ) -
br2x (m+n-1) / (n-1) »Int[ (axSin[e+Ffxx])mx (bxTan[e+Ffxx])~(n-2),x] /;
FreeQ[{a,b,e,f,m},x] && GtQ[n,1] & IntegersQ[2sm,2xn] && Not[GtQ[m,1] & Not[IntegerQ[(m-1)/2]]]



Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

6. J(asin[e+fx])'" (bTan[e+fx])"d1x when n < -1

1:Jw/asin[e+fx] ix

(bTan[e+-Fx])3/2

Rule:

J\'\/asin[e+fx] ax 2+/asin[e+fx] +iJ\/bTan[e+fX] ix
(bTan[e+£x])>"* bf/bTan[e+fx] b* J ( )*"

aSin[e+fx]

Program code:

Int[Sqrt[a_.+sin[e_.+f_.+x_]]/(b_.+tan[e_.+f_.xx_])~(3/2),x_Symbol]:=
2+Sqrt[asSin[e+fxx]]/(b+f+Sqrt[bsTan[e+fxx]]) + ar2/b*2+Int[Sqrt[bsTan[e+f+x]]/(a*Sin[e+f+x])~(3/2),x] /;
FreeQ[{a,b,e,f},x]



Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

2: J-(asin[erFx])"' (bTan[e+fx])"dlx whenn<-1 Am>1

Reference: G&R 2.510.5, CRC 323a
Reference: G&R 2.510.2, CRC 323b

Rule:lf n< -1 A m> 1,then
(aSin[e+-Fx])"‘(bTan[e+-Fx])"+1 a2 (n+1)
bfm " b2m

J(asin[erfx])m (bTan[e+fx])"dx — J-(asin[erFx])""2 (bTan[e+-Fx])"+2dlx

Program code:

Int[(a_.»sin[e_.+f_.»x_])"m_x(b_.+tan[e_.+f_.*x_])~n_,x_Symbol] :=
(axsin[e+fxx] ) mx (b+Tan[e+fxx] )~ (n+1) /(bsfsm) -
a*2x (n+1) / (b"2#m) +Int [ (axSin[e+fxx] )" (m-2) « (bxTan[e+fxx])~(n+2),x] /;
FreeQ[{a,b,e,f},x] && LtQ[n,-1] & GtQ[m,1] && IntegersQ[2xm,2+n]



Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

3: J(aSin[erFx])"' (bTan[e+fx])"dlx whenn<-1 Am+n+1#0

Reference: G&R 2.510.4
Reference: G&R 2.510.1

Rule:lf n< -1 Am+n+1+0,then

(aSin[e+-Fx])"'(bTan[e+-Fx])"+1 n+1

J(asin[e+fx])'" (bTan[e+fx])"dx — J(asin[e+fx])'" (bTan[e+fx])"+2dlx

bf (m+n+1) _bz(m+n+1)

Program code:

Int[(a_.xsin[e_.+f_.*x_])"m_.#(b_.xtan[e_.+f_.+x_])~n_,x_Symbol]:=
(a*Sin [e+f*x] ) m* (b*Tan [e+f*x] )"(n+1)/(b*f* (m+n+1)) -
(n+1) / (b2 (m+n+1) ) »Int[ (axSin[e+Ffxx]) *mx (bxTan[e+Ffxx])~(n+2),x] /;
FreeQ[{a,b,e,f,m},x] && LtQ[n,-1] & NeQ[m+n+1,0] & IntegersQ[2xm,2+n] & Not[EqQ[n,-3/2] && EqQ[m,1]]



Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

7: J(asin[e+fx])'" (bTan[e+fx])"d1x when m> 1

Reference: G&R 2.510.2, CRC 323b
Reference: G&R 2.510.5, CRC 323a

Rule: If m > 1, then
j(aSin[ewa])m(bTan[e+-Fx])"d1x -

b (asin[e+fx])" (bTan[e+-Fx])"'1 a2 (m+n-1)
- +

- - J(asin[e+fx])m'2 (bTan[e+£x])"dx

Program code:

Int[(a_.»sin[e_.+f_.»x_])"m_.#(b_.xtan[e_.+f_.#x_])~n_.,x_Symbol]:=

-bx (axSin[e+fxx]) Amx (bxTan[e+fxx]) " (n-1) /(fm) +

ar2x (m+n-1) /mxInt[ (axSin[e+Ffxx] )" (m-2) » (bxTan[e+Ffxx])"n,x] /;
FreeQ[{a,b,e,f,n},x]| && (GtQ[m,1] || EqQ[m,1] && EqQ[n,1/2]) && IntegersQ[2xm,2xn]



Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

8: J(asin[e+fx])'" (bTan[e+fx])"d1x whenm<-1 Am+n+1#0

Reference: G&R 2.510.3, CRC 334a
Reference: G&R 2.510.6, CRC 334b

Rule:lf m< -1 Am+n+1+0,then

b (aSin[e+-Fx])"'+2 (bTan[e+-Fx])"‘1 .

m+ 2

J(asin[e+fx])'"(bTan[e+fx])"d1x—) 2 fmantd)

Program code:

Int[(a_.»sin[e_.+f_.*x_])"m_x(b_.+tan[e_.+f_.xx_])~n_.,x_Symbol]:=

b (a*Sin [e+-F*x] )" (m+2) * (b*Tan [e+'F*X] )" (n—1)/(a"2*-F* (m+n+1) ) +

(m+2) / (a"2% (m+n+1) ) *Int [ (a*Sin [e+f*x] ) A(m+2) % (b*Tan [e+'F*x] )"n,x] /3
FreeQ[{a,b,e,f,n},x] && LtQ[m,-1] & NeQ[m+n+1,0] && IntegersQ[2xm,2xn]

a2 (m+n+1)

j(asin[e+fx])'"+2 (bTan[e + fx])"dx

10



Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

9: J(aSin[e+fx])'"Tan[e+fx]"dlx whennez A m¢z

Derivation: Algebraic normalization

Basis: Tan[z] == %%]L

Rule:lf nez A m¢ z,then

aSin[e+-Fx])'"+n

J(asin[e+-Fx])"'Tan[e+-Fx]"dlx - alj(

Program code:

Int[(a_.»sin[e_.+f_.»x_])~m_stan[e_.+f_.*x_]"n_,x_Symbol]:=
1/a*n+Int[ (axSin[e+fxx])~ (m+n) /Cos [e+fxx]"n,x] /3
FreeQ[{a,e,f,m},x] & IntegerQ[n] && Not[IntegerQ[m]]

Cos[e+fx]"

dx

11



Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

10. J(asin[e+fx])'" (bTan[e+fx])"d1x when n ¢ zZ

1: J(aSin[erFx])"' (bTan[e+-Fx])"d1x whenn¢zZ Am<0

Derivation: Piecewise constant extraction

Cos[e+fx])" (bTan[e+f x])" -9

.. (
Basis: @x (aSin[e+fx])"

Rule:lf n¢ Z A m< 0,then

dx

J(asin[e+fx])'" (bTan[e + £x])"ax — (Cos[e+fx])" (bTan[e+fx])" J(asin[ewa])'"*"

(asin[e+fx])" Cos[e+fx]"

Program code:

Int[(a_.*sin[e_.+f_.»x_])"m_.#(b_.xtan[e_.+f_.+x_])~n_,x_Symbol]:=
Cos [e+fxx]~n« (bxTan[e+fxx])~n/(axSin[e+Ffxx])~n+Int[ (axSin[e+fxx])~ (m+n) /Cos[e+fxx] n,x] /;
FreeQ[{a,b,e,f,m,n},x] && Not[IntegerQ[n]] & (ILtQ[m,0] || EqQ[m,1] & EqQ[n,-1/2] || IntegersQ[m-1/2,n-1/2])

12



Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

2: J-(asin[eﬂcx])'" (bTan[e+fx])"dlx when n ¢ zZ

Derivation: Piecewise constant extraction

Cosfe+fx])" (bTan[e+fx])" __ 0

. (
Basis: Ox (aSin[e+fx])"

Rule:If n ¢ Z, then

a (Cos[e+1‘:x])n+1 (bTan[e+1°x])ml J-(asin[e+fx])'"*" ix

J(aSin[erFx])'" (bTan[e+fx])"dx —

b(aSin[e+1’x])"+1 Cos[e+fx]"

Program code:

Int[(a_.xsin[e_.+f_.*x_])"m_.#(b_.xtan[e_.+f_.+x_])~n_,x_Symbol]:=
axCos[e+fxx] " (n+1) * (bxTan[e+fxx] )" (n+1)/(b* (a#Sin[e+fxx] )~ (n+1) ) »Int[ (axSin[e+Fxx])~ (m+n) /Cos [e+fxx]"n,x] /;
FreeQ[{a,b,e,f,m,n},x]| && Not[IntegerQ[n]]

13



Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

2: J(aCos[e+fx])"' (bTan[e+-Fx])"d1x whenmé¢Z A n¢z

Derivation: Piecewise constant extraction

Basis: Oy ( (aCos[e+fx])" (Si[?—“l)m) -0

Rule:lf m¢ Z A n ¢ Z,then

J(aCos[e+fx])"' (bTan[e+fx])"dx — (aCos[e+fx])Frackartim (

a

Program code:

Int[(a_.xcos[e_.+f_.xx_])"m_x(b_.+tan[e_.+f_.xx_])"n_,x_Symbol] :=

Sec[e+fx]

] FracPart[m] J (

bTan[e+-Fx])"

(Sec e+f x] )'“

a

(axCos[e+fxx])~FracPart[m] « (Sec [e+f*x]/a) ~FracPart[m]+Int [ (bxTan[e+fxx]) "n/(Sec [e+-F*x]/a) ~m,x] /3

FreeQ[{a,b,e,f,m,n},x] && Not[IntegerQ[m]] & Not[IntegerQ[n]]

dx

14



Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n 15

3: J(aCot[e+fx])"' (bTan[e+-Fx])"d1x whenmé¢Z A n¢z

Derivation: Piecewise constant extraction
Basis: Ox ((aCot[e+fx])™ (bTan[e+fx])™) == 0

Rule:lf m¢ Z A n ¢ Z,then

J(aCot[erFx])"' (bTan[e+fx])"dx — (acCot[e+fx])" (bTan[e+fx])'"f(bTan[e+-Fx])"""dlx

Program code:
Int[(a_.xcot[e_.+f_.»x_])~m_x(b_.+tan[e_.+f_.xx_])~n_,x_Symbol] :=

(axCot[e+fxx] ) m« (bxTan[e+fxx]) m«Int [ (bxTan[e+fxx] )~ (n-m),x] /;
FreeQ[{a,b,e,f,m,n},x] && Not[IntegerQ[m]] & Not[IntegerQ[n]]

a. J(aSec[e+fx])'" (bTan[e + £x])"dx

1: j(aSec[e+fx])'" (bTan[e+fx])"d1x whenm+n+1:=20

Rule:If m+n + 1 = 9, then

(aSec[e+-Fx])"' (bTan[e+-Fx])n+1
bfm

f(aSec[e+fx])m (bTan[e+fx])"dx — -

Program code:

Int[(a_.»sec[e_.+f_.»x_])"m_.#(b_.«tan[e_.+f_.#x_])~n_.,x_Symbol] :=
- (axSec[e+fxx])Amx (bxTan[e+fxx]) " (n+1) / (bxfsm) /;
FreeQ[{a,b,e,f,m,n},x] && EqQ[m+n+1,0]



Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

2: J(aSec[e+fx])'"Tan[e+fx]"dlx when %ez A - (%ez A 0<m<n+1)

Derivation: Integration by substitution

Basis: If % € Z, then

{F[x] (-1+x?)

Tan[e+ fx]"F[Sec[e+ fXx]] = %Subst s Xy Sec[e+fx]} OxSec[e + f x]

Rule:lf%eZ/\ﬁ< €Z A@<m<n+1),then

m
2

J(a Sec[e+fx])"Tan[e+fx]"dx — % Subst[J(a x)" (-1 +x?) nzi_ldlx, X, Sec[e + fx| ]
Program code:
Int[(a_.»sec[e_.+f_.xx_])"m_.#(b_.«tan[e_.+f_.*x_])~n_.,x_Symbol] :=

a/fxSubst [Int[ (axx)” (m-1) » (-1+x*2)~ ((n-1) /2) ,X],x,Sec[e+fxx]|] /;
FreeQ[{a,e,f,m},x] & IntegerQ[(n-1)/2] & Not[IntegerQ[m/2] && LtQ[@,m,n+1]]

16



Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

3: JSec[e+fx]m (bTan[e+-Fx])"dlx when fez A - (%ez A 0<n<m—1)

Derivation: Integration by substitution

Basis: If g € Z,then

Sec[e+Ffx]"F[Tan[e + fx]] == %Subst{F[x] (1+x2)%‘1, X, Tan[e+fx]} OxTan[e + f X]

Rule:If 2 ez A - (%eZ/\0<n<m—1>,then

1 m
J‘Sec[e+1=x]“1 (bTan[e+fx])"dx — ;Subst[J(bx)" (1+x2)?'1d1x, X, Tan[e+fx]]
Program code:
Int[sec[e_.+f_.*x_]~m_x(b_.*tan[e_.+f_.*x_])"n_.,x_Symbol] :=

1/f+Subst [Int[ (bxx) nx (1+x"2)~(m/2-1),x],X,Tan[e+f+x]] /;
FreeQ[{b,e,f,n},x] & IntegerQ[m/2] && Not[IntegerQ[(n-1)/2] && LtQ[@,n,m-1]]
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Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

4, J(aSec[e+fx])'" (bTan[e+fx])"d1x when n < -1

1: J(aSec[erFx])"' (bTan[e+-Fx])"d1x whenn<-1A (m>1vm=1A n::—%)

Reference: G&R 2.510.5, CRC 323a
Reference: G&R 2.510.2, CRC 323b

Rule:lf n< -1 A (m>1vm=1A n::—%),then
. . a? (a Sec[e+1:x])'"'2 (b Tan[e+-Fx])"+1 a? (m-2) o -
J(aSec[e+fx]) (bTan[e + fx])"dx — bfmal) - ) J(aSec[en‘x]) (bTan[e + fx])"* ax

Program code:

Int[(a_.»sec[e_.+f_.»x_])"m_.#(b_.«tan[e_.+f_.#x_])~n_,x_Symbol] :=

ar2x (axSec[e+fxx] )~ (m-2) » (bxTan[e+Ffxx] )~ (n+1) / (b+fx (n+1)) -

a’2x (m-2) / (b*2x (n+1) ) +Int [ (axSec[e+fxx] )~ (m-2) « (bxTan[e+fxx])~(n+2),x] /;
FreeQ[{a,b,e,f},x] & LtQ[n,-1] & (GtQ[m,1] || EqQ[m,1] & EQQ[n,-3/2]) & IntegersQ[2m,2xn]
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Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

2: J-(aSec[erFx])"' (bTan[e+fx])"dlx when n< -1

Reference: G&R 2.510.4
Reference: G&R 2.510.1

Rule: If n < -1, then
j(aSec[ewa])m(bTan[e+-Fx])"dlx -

(aSec[e+1:x])'"(bTan[e+1:x])"+1 men+1
bf (n+1) _bz(n+1)

J(aSec[erFx])"' (bTan[e+-Fx])"+2d1x

Program code:

Int[(a_.#sec[e_.+f_.xx_]) m_.(b_.xtan[e_.+f_.#x_])"n_,x_Symbol] :=
(a*Sec [e+f*x] ) Amx (b*Tan [e+f*x] )" (n+1)/(b*f* (n+1) ) -
(men+1) / (b"2# (n+1) ) »Int[ (axSec[e+Ffxx]) *mx (bxTan[e+Ffxx])~ (n+2),x] /;
FreeQ[{a,b,e,f,m},x] && LtQ[n,-1] & IntegersQ[2+m,2+n]
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Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

5. J(aSec[e+fx])'" (bTan[e+fx])"d1x when n>1

1: J(aSec[erFx])"' (bTan[e+-Fx])"d1x whenn>1 A (m<-1Vm=-1An= %)

Reference: G&R 2.510.6, CRC 334b
Reference: G&R 2.510.3, CRC 334a

Rule:lff n>1 A (m<-1Vm=-1An-= %),then

b (asec[e+fx])" (bTan[e+1=x])"'1 b2 (n-1)

J(aSec[en‘x])m (bTan[e+fx])"dx — J(aSec[e+fx])'"*2 (bTan[e+fx])"?ax

fm aZm

Program code:

Int[(a_.#sec[e_.+f_.xx_]) m_x(b_.+tan[e_.+f_.xx_])~n_,x_Symbol] :=
bx (axSec[e+fxx])~m« (bxTan[e+fxx])~(n-1) /(fxm) -
br2x (n-1) / (a"2xm) +Int [ (axSec[e+fxx] )~ (m+2) « (bxTan[e+fxx])~(n-2),x] /;
FreeQ[{a,b,e,f},x] & GtQ[n,1] && (LtQ[m,-1] || EqQ[m,-1] & EqQ[n,3/2]) & IntegersQ[2xm,2+n]
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Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

2: J-(aSec[erFx])"' (bTan[e+fx])"dlx whenn>1 Am+n-1#0

Reference: G&R 2.510.1
Reference: G&R 2.510.4

Rule:lf n>1 A m+n-1 #0,then
j(aSec[ewa])m(bTan[e+-Fx])"dlx -

b (asec[e+fx])" (bTan[e+-Fx])"'1 b2 (n-1)

s £x])" (bT £x])"?a
fman-1) I j(a ec[e+ x]) ( an[e+ x]) X

Program code:

Int[(a_.#sec[e_.+f_.xx_]) m_.(b_.xtan[e_.+f_.#x_])~n_,x_Symbol] :=
bx (axSec[e+fxx] ) m« (bxTan[e+fxx] )~ (n-1) /(f* (m+n-1)) -
br2x (n-1) / (m+n-1) »Int[ (axSec[e+Ffxx] ) mx (bxTan[e+Ffxx])~ (n-2),x] /;
FreeQ[{a,b,e,f,m},x] & GtQ[n,1] && NeQ[m+n-1,0] & IntegersQ[2xm,2+n]
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Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

6: J(aSec[e+fx])'" (bTan[e+fx])"d1x when m< -1

Reference: G&R 2.510.3, CRC 334a
Reference: G&R 2.510.6, CRC 334b

Rule: If m < -1, then

(asec[e+fx])" (bTan[e+-Fx])"+1 m+n+1
+

s fx])" (bT fx])"a -
j(a ec[e+ x]) ( an[e+ x]) X — e o

Program code:

Int[(a_.xsec[e_.+f_.»x_])"m_x(b_.+tan[e_.+f_.xx_])~n_,x_Symbol] :=

- (axSec[e+fxx]) ~m« (bxTan [e+Ffxx])~ (n+1) / (bxfxm) +

(men+1) / (a~2+m) *Int [ (axSec[e+fxx] )~ (m+2) » (bxTan[e+fxx]) n,x] /;
FreeQ[{a,b,e,f,n},x] && (LtQ[m,-1] || EqQ[m,-1] & EqQ[n,-1/2]) && IntegersQ[2m,2xn]

Jh(aSec[erFx])"I+2 (bTan[e + fx])"dx
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Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

7: J(aSec[e+fx])'" (bTan[e+fx])"d1x whenm>1 Am+n-1+#0

Reference: G&R 2.510.2, CRC 323b
Reference: G&R 2.510.5, CRC 323a

Rule:lf m>1 A m+n-1 #0,then
j(aSec[ewa])m (bTan[e+ £x])"dx —

a? (aSec[e+-Fx])'"'2 (bTan[e+-Fx])"+1 a2 (m-2)
bf (m+n-1) +(m+n—1)

Program code:

Int[(a_.#sec[e_.+f_.xx_]) m_.(b_.xtan[e_.+f_.#x_])~n_,x_Symbol] :=
ar2x (a*Sec [e+f*x] ) A(m-2) * (b*Tan [e+'F*x] ) A (n+1)/(b*f* (m+n-1) ) +
a~2x (m-2) / (m+n-1) «Int [ (axSec[e+fxx] )~ (m-2) » (bxTan[e+fxx]) n,x] /;
FreeQ[{a,b,e,f,n},x] && (GtQ[m,1] || EqQ[m,1] && EqQ[n,1/2]) && NeQ[m+n-1,0] && IntegersQ[2m,2xn]

J\(aSec[erFx])""2 (bTan[e+ fx])"dx
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Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

J Sec[e + fx]
8: ———dx
Y, bTan[e+-Fx]
Derivation: Piecewise constant extraction

Basis: 0 Sinle+f x] -
X \/Cos[e+fx] /bTan e+fx]

Rule:

Sec[e+fx] '\/S1n[e+-Fx

dx

'\/bTan[e+fx] '\/Cos[e+fx] \/bTan[e+fx] J\'\/Cos[erFx] \/Sln[e+-Fx]

Program code:

Int[sec[e_.+f_.#x_]/Sqrt[b_.tan[e_.+f_.#x_]],x_Symbol]:=
sqrt[sin[e+fxx]]/(Sart[Cos [e+fxx]]+Sqrt[bxTan[e+fxx]])+Int[1/(Sqrt[Cos [e+Ff+x]]+Sqrt[Sin[e+f+x]]),x] /;
FreeQ[{b,e,f},x]

dx
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Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

dx

o v[*'\/bTan[erFx]

Sec[e+-Fx]

Derivation: Piecewise constant extraction

Basis: Oy \/Cos[e+fx] v/bTan[e+fx] __ )
\/Sin[e+f Xx]
Rule:

J@d}x B \/ccs[e+fx] \/bTan[e+'FX] f\/Cos[e+fX] \/Sin[e+fx] dx

Sec[e + fx] </ sin[e + fx]
Program code:
Int[Sqrt[b_.«tan[e_.+f_.+x_]]/sec[e_.+f_.xx_],x_Symbol]:=

Sqrt[Cos[e+fxx]]+Sqrt [bsTan[e+fxx]]/Sart[Sin[e+fxx]]«Int[Sqrt[Cos [e+fxx]]+Sqrt[Sin[e+f+x]],x] /;
FreeQ[{b,e,f},x]
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Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

10: J(aSec[e+fx])'" (bTan[e+fx])"d1x whenn+§ez A m+%ez

Derivation: Piecewise constant extraction

. (bTan[e+fx])" ==
Basis: OX (aSec[e+fx])" (bSin[e+fx])"

Rule:lfn+%ez /\m+%ez,then

[[(asecles #x])" (bTan[e+ £x])"ax — " (oTan[e+ £x])" j(bSin[“fx])ndx

m+n

(asec[e+fx])" (bsin[e+fx])" Cos[e+ fx]

Program code:

Int[(a_.#sec[e_.+f_.xx_])~m_x(b_.«tan[e_.+f_.xx_])~n_,x_Symbol]:=
a~ (m+n) « (bxTan [e+fxx])~n/( (axSec[e+fxx]) nx (bxSin[e+fxx])~n) «Int[ (bxSin[e+Ffxx])~n/Cos[e+Ff+x]" (m+n),x] /;
FreeQ[{a,b,e,f,m,n},x] && IntegerQ[n+1/2] && IntegerQ[m+1/2]

11: j(aSec[ewa])"' (bTan[e+Ffx])"dx when ¢z A 2¢z

2

Derivation: Piecewise constant extraction and integration by substitution

. m+n+1
. (aSec[e+fx])™ (bTan[e+f x] )" (Cos[e+-F x}z) 2
Basis: Oy (bSin[esfx])"1 -

Basis:Cos[e + fx] F[Sin[e + fX]] = b%cSubst[F[ﬁ], X, bSin[e+fx]} Ox (bSin[e + fx])
16N (aSec[e+fx])" (bTan[e+f x])"? (Cos[eﬂcx]z)% - m+1 2 m+1
Note: If > e z, then D SinTerf Xl = (aSec[e+fx])™! (Cos[e+fx]?) >

Note:If 7 € Z and mis a third-integer integration of —_ results in a complicated antiderivative involving elliptic

men+l
2

=
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Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n 27
integrals and the imaginary unit.

Rule: If% ¢ 2 A % ¢z then

dx

J(aSec[erFx])'" (bTan[e + £x])"ax — (asec[e+fx])" (bTan[e+-Fx])"+1 (Cos[e+fx] ) JCos[e+fx] (bSln[e+-Fx])

(bsin[e+£x])™ (1-sin[e+fx]?) "5

(asec[e+fx])" (bTan[e+-Fx])"+1 (Cos[e+-Fx]

— Subst[J d]x, X, bSln[e+-Fx]]

bf (bsin[e+fx])™?

s £x])" (bT £x])™* (c £x]2)
. (asec[e+fx])" (bTan[e+ fx])"" (Cos[e+fx]|") Hyper‘geometricZFl[n ) m+n+1’ n+3’ Sin[e+fX]2]
bf (n+1) 2 2 2

Program code:

(» Int[(a_.xsec[e_.+f_.#x_])"m_.x(b_.»tan[e_.+f_.»x_])~n_,x_Symbol]:=
(a*Sec [e+f*x] ) M (b*Tan [e+f*x] )" (n+1) * (Cos [e+'F*x] "2) A((m+n+l) /2)/(b*f* (b*Sin [e+'F*x] )" (n+1) ) *
Subst[Int[xn/(1-x"2/b"2)~((m+n+1)/2),x],X,bxSin[e+fxx]] /;
FreeQ[{a,b,e,f,m,n},x] && Not[IntegerQ[(n-1)/2]] & Not[IntegerQ[m/2]] =)

Int[(a_.xsec[e_.+f_.*x_])"m_.#(b_.xtan[e_.+f_.+x_])~n_,x_Symbol]:=
(a*Sec [e+f*x] ) Am* (b*Tan [e+f*x] )" (n+1) = (Cos [e+'F*x] "2) A((m+n+1) /2)/(b*f* (n+1) ) *

Hypergeometric2F1[ (n+1) /2, (m+n+1) /2, (n+3) /2,Sin[e+fxx]|~2] /;
FreeQ[{a,b,e,f,m,n},x] && Not[IntegerQ[(n-1)/2]] & Not[IntegerQ[m/2]]

5: J.(aCsc[e+-Fx])"' (bTan[e+-Fx])"dlx whenm¢zZ A n¢z

Derivation: Piecewise constant extraction
Basis:Ox ((aCscle+fx])" (aSin[e+fx])") ==

Rule:lf m¢ Z A n ¢ Z,then



Rules for integrands of the form (a trg(e+f x))~"m (b tan(e+f x))~n

a

J(aCsc[e+fx])m (bTan[e+fx])"dx — (aCsc[e+fx])F'"a“Pa"t[“‘] [

Program code:

Int[(a_.xcsc[e_.+f_.»x_])"m_x(b_.+tan[e_.+f_.*x_])~n_,x_Symbol] :=

Sin[e + fx]

] FracPart[m] J (

bTan[e+-Fx])n

(Sin e+fx )m

a

(axCsc[e+fxx])~FracPart[m] « (Sin[e+fxx]/a)~FracPart[m]«Int[ (bxTan[e+f+x])~n/(Sin[e+fxx]/a) m,x] /;

FreeQ[{a,b,e,f,m,n},x] && Not[IntegerQ[m]] & Not[IntegerQ[n]]

dx
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